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Practical State Estimation With Event-Triggered Sliding Mode Observer

Saikat Mondal and Abhisek K. Behera, Member, IEEE

Abstract—This paper deals with the practical state estimation
for an uncertain dynamical system under feedback constraints. We
propose an event-triggered sliding mode observer to estimate the
states in the practical sense, i.e., arbitrary steady-state bound can
be achieved for the estimation error irrespective of the disturbance
signal. A new sliding mode observer is proposed with the discon-
tinuous output error injection vector of the same order as that of
the disturbance vector; therefore the observer can be represented
by an interconnection of continuous and discontinuous dynamics.
Two scenarios are considered for implementing this observer in
the event-triggering framework viz., the actuator side implementa-
tion and the sensor side implementation, in which the observer is
run at the actuator and sensor sides, respectively. However, the
event-triggering mechanism in both cases is placed in the sensor
end to regulate the transmission of output/estimated values. It is
shown under the observability assumption that the event-triggered
observer estimates the states practically with intermittent commu-
nication and disturbance input. Finally, we take a practical example
to illustrate the state estimation using the proposed sliding mode
observer.

Index Terms— Event-based estimation, practical state es-
timation, robust sliding mode observer.

[. INTRODUCTION

State estimation is the process of estimating the states of a
physical plant using its output information. Traditionally, a dynamical
system, known as the observer, is constructed under some suitable
assumptions to estimate the states. Although the states are estimated
accurately in the ideal case, the performance of these observers is
affected under the constraints ( [1], [2]). For instance, in modern
applications, the constraints, such as communication burden and
energy consumption, have become critical factors in the observer
design. In our paper, we address the estimation problem under these
constraints in the framework of a popular need-based feedback policy,
viz., event-triggering ( [3]).

Event-based sampling strategies have shown a very promising
outcome in the controller design for resource-constrained systems
( [3]). Here, the continuous feedback channel is replaced with event-
based feedback for scheduling the information exchange online. In
fact, the pioneering work of [4] showed that the event (Lebesgue)
sampling-based controller achieved superior performance for the
(first-order) system than that of the periodic (Reimann) sampling-
based controller. Later, this led to the significant development of
the event-triggered controller; see [3], [5]-[9] and references cited
therein. The analogous problem in state estimation has also been
studied for various systems. The event-triggered high-gain observer
can estimate the states, but online tuning of parameters becomes
difficult because of the dependency on the high-gain parameter
( [10]). Also, the event-based stochastic estimators may not be
readily applicable to many nonlinear systems ( [11], [12]). The
output feedback stabilization problem was addressed using the event-
triggered observers ( [13], [14]). Compared to these observers, sliding
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mode observers have the advantage of robust state estimation in the
presence of disturbances ( [15], [16]). Recently, in [17], the sliding
mode observer is applied to detect the denial-of-service attack in a
network-based control application. Unfortunately, the study of these
observers with feedback constraints is not found in the literature
(except in [18]).

In this work, an event-based sliding mode observer is proposed
for estimating the states in the practical sense, i.e., the estimated
states can be arbitrarily close to their actual values for any bounded
disturbance. Since the classical sliding mode observer ( [19]) cannot
estimate the states exactly with the external disturbance signals, a
discontinuous observer was proposed in [20], [21] that ensures the
exact state estimation in the presence of uncertainties. This observer
injects discontinuous output error not only to reject the disturbance
but also to place the observer poles. Because of this, the estimated
states exhibit the undesired numerical chattering in the real-time
implementation. To minimize this effect, we propose a sliding mode
observer, similar to [22], that employs a discontinuous output error
injection vector of the same order as that of the disturbance input.
It is shown that the observer has a decoupled structure consisting
of a linear part and a discontinuous part, which can be designed
independently under some standard assumptions. We analyze the
state estimation problem using the proposed observer in the event-
triggering framework. Two popular implementation scenarios are
considered. First, the actuator side implementation is considered
in which the output measurements are transmitted from sensors to
actuators, whereas in the second case, the sensor side estimator is
developed using the output measurements directly. In both cases, the
event mechanism is designed to regulate the transmission rate of plant
information over the feedback channel. The practical state estimation
is established by an appropriate choice of the switching gain and
triggering parameter.

The layout of the paper is as follows: The problem description is
given in §II. In §III, we propose a sliding mode observer with analog
feedback and show the asymptotic convergence of observer states to
the plant states in the presence of matched uncertainty. An event-
based implementation of sliding mode observer with two popular
architectures is presented in §1V. We show here the practical estima-
tion of the proposed observers with event-based communication. All
proofs of our results are collected in §V. The simulation results of the
proposed observer are demonstrated in §VI. The paper is concluded
with some remarks in §VII.

Notation: The set of real and complex numbers are symbolized
by R and C, respectively. The set of integers is denoted by Z. The
positive (or nonnegative) real numbers are represented as R~ (or
R>0). Similarly, Z> denotes the set of nonnegative integers. The
n-dimensional vector space over real is given by R™. For a given
square matrix A € R™*"™, we write Apin(A) and Amax(A) to denote
the minimum and maximum eigenvalues of matrix A, respectively.
For a given vector x € R", ||z|| is the Euclidean (or 2-) norm and
|lz|l1 is the 1-norm. The transpose of a matrix A is represented
as A". The induced 2-norm of a matrix P € R™*™ is given by
1P| = v/Amax(PTP). The null space of a matrix P is written
as N (P). The rank of the matrix P is denoted by rank(P). The
concatenation of two vectors a and b of appropriate dimensions is
denoted as col(a, b), i.e., col(a,b) = [a' b']". The cardinality of a
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set S is given by |S|. We also write |s| to denote the absolute value
of the scalar s.

Il. PROBLEM DESCRIPTION
Consider a continuous-time system as
= Az + B(u+d)
y=Cr

(la)
(1b)

where z € R, u € R™, d € R™ and y € R? represent the state
vector, the control input, disturbance input and output vectors of the
system, respectively. The matrices A, B, and C are of appropriate
dimensions and known to the designer. Here, the number of output
channels is more than the inputs, i.e., p > m. This is essentially
required to solve the robust state estimation problem in the presence
of the disturbance.

Assumption 1: For some dg > 0, it holds that ||d(t)|| < do for all
t > 0.

Assumption 2: The column rank of the matrix CB is m, i.e.,
rank(C'B) = m.

Assumption 1 is quite standard in the literature. It may be noted
that the disturbance can also be a function of the state variables
satisfying the bounded assumption. The second assumption states that
the relative degree of the plant is one (in the multi-input multi-output
sense).

The setup for addressing the estimation problem is quite different
from the conventional one. Here, the output information is transmitted
over the communication network at discrete instants which are not
necessarily uniformly spaced. We adopt an event-triggering protocol
for transmitting information over the network as shown in Fig. 1. A
triggering condition is continuously monitored at the sensor end for
generating a time sequence, and subsequently, the data are sent to
the controller. Under these restrictions, we address the practical state
estimation problem, which is formally defined below!.

Definition 1 (Practical State Estimation): Given a dynamical sys-
tem (1), the observer

&= F(& y,u), #(0) € R™

is said to estimate the states practically if for any € > 0, there exists
a time 7' > 0 such that ||x(t) — Z(t)|| < e forall t > T.

We present a sliding mode observer for solving the problem
associated with the state estimation considering the event-triggering
feedback. Two implementation scenarios for the observers are con-
sidered, as shown in Fig. 1. First, an actuator side implementation
scheme is discussed as shown in Fig. 1(a) in which the sliding
mode observer is placed at the actuator side, whereas the triggering
mechanism is run at the sensor side. In the second scenario (see Fig.
1(b)), both the observer and triggering condition are located at the
sensor side.

I1l. PRELIMINARY RESULTS

This section presents a robust sliding mode observer with contin-
uous feedback and discusses some of the key features.

A. Coordinate Transformation

To begin with, we partition the output matrix into
c=| G |2] fu Cu
Co C21

C22
IThe notion of “practical state estimation” is borrowed from the control
counterpart results on “practical stabilization” [23, Def. 10.1, p. 232].
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(a) Actuator side implementation
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(b) Sensor side implementation

Fig. 1. Schematic depiction of event-based estimation: ET (event-
triggering) and SMO (sliding mode observer).

where C11 € R(pim)x(nim), Cia € R(pim)xm, Co1 €
R™*(=m) and Cpy € R™*™ represent the subblocks of C.
Without losing generality, we assume that C'2 B is an invertible matrix
(hence, Co has full rank).

Let Vi € R™ (™ ™) pe the matrix such that its column
space is N(C2). Thus, rank(V1) = n — m. By denoting Vi =
(Vi Vvi)~Y2v," and Co = (C2C4 )~ /2Cy, one can verify that

the matrix
V= [ Vi

R/H/Xn
Co } €

is orthogonal2. Applying the transformation, x +— Vz =
col(z1,x2), the system (1) can be transformed into
i1 = A1171 + A1272 + B1(u +d)

_ _ _ 2)
Zo = Ao1x1 + Agaxg + Ba(u + d)

where 1 € R™ ™" and x5 € R™ are the first n — m and the last
m elements of the modified state vector. The various matrices in (2)
can be given by

= =T = =T
A—vayT = | V1AVL V1A
CoAV,  CACH
CiVi 010y

0 0y
(we used the fact that CoV; = 0). Since By (= CoB) is a full
rank matrix, the nonsingular transformation z = Ucol(z1,z2) =
col(z1, 22), where

)

V1B

B:VB:[UQB

] and C=CV' =

= =—1
In—m _BlB2

U= o1
0 By "

transforms the system (2) into

21 = Az + Arazo (3a)
iy = Ag121 + Asgzg +u+d (3b)
and the system output to
~ Y1 51 511 5’12 [ Z1 }
= C = = ~ = ~ . (B¢
Y : |: Y2 :| Co 0 Coo z2 (3¢)

2The orthogonal property of V' follows directly from VV' T = I,, and its
invertibility.
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The system and input matrices can be given, respectively, by

~ 0
and Bf[]m].

The system (3a)-(3b) is already in well-known standard regular
form with the last m states being related to the plant outputs. This
is required to design a sliding mode observer by injecting only m
number of discontinuous output errors instead of the whole vector.
Indeed, these observers have additional benefits of better steady-state
accuracy due to their decoupled structure ( [22]).

%11 %12

A=
Az1 Azz

B. Synthesis of Observer

We first discuss certain properties based on which the observer is
to be constructed. o

Lemma 1: If the pair (Aj1,Cq1) is observable, then the pair
(A, C) is observable.

The above lemma guarantees the observability of the plant when-
ever the reduced order system (3a) is observable with respect to the
first p—m outputs. This essentially decouples the state reconstruction
problem into two subparts, viz., a sliding mode-based discontinuous
estimator and a linear observer. It may be emphasized here that
a similar assumption (detectability) is used in [15] to estimate
the plant state exactly with the disturbance. Here, the disturbance-
free dynamics still depend on the switching component through
discontinuous output error injection.

The stronger observability requirement in Lemma 1 can be avoided
when

CoVi = CAVE =0 4)

holds, i.e., the null spaces of Co and C'2 A are the same. In this case,
the observability of (A11,C11) in Lemma 1 becomes a necessary
and sufficient condition which is stated in the following corollary.

_Corollary 1: Suppose that the equality (4) holds. Then, the pair
(A, C) is observable if and only if the pair (411, C11) is observable.

Remark 1: Corollary 1 confirms that the dynamics (3) is a cascade
connection of its two subsystems (3a) and (3b). Then, the plant
becomes observable if and only if each subsystem is observable with
respect to their respective output. Thus, the observer synthesis for
the plant is reduced to the observer synthesis for each subsystem. In
other words, the estimation problem is decoupled into the same for
the individual subsystem.

The sliding mode observer is synthesized as follows. From (3c),
we introduce a new output function as

Ciiz1 = y1 — C12C53 ya.

Then, the observer is proposed for estimating the states robustly as

2= A1121 + Araza + L1011 (21 — 51) + A12(22 — 22)
ég = A2121 + u+ Azozo + Ksign(ze — 23)

(5a)
(5b)

where L; € RM™™™X(P=m) ¢ the linear observer gain, K >
0 is some scalar and sign function is given by sign(y) =
[ sign(y1) sign(y2) sign(ym) ]T for any vector vy =
[ 71 72 Ym, }T. Here, 2 = col(%1, 22) denotes the esti-
mate of z = col(z1, 22). It may be noted that since the observer
(5) has a discontinuous right-hand side, the existence of solutions is
understood in the Filippov sense ( [24]).

Remark 2: The observer (5) is quite similar to that proposed in
[22], but it differs from it in terms of its construction. There is no
additional proportional term used in (5b) unlike the case in [22]. The
advantage was revealed in the analysis using a common Lyapunov
function. However, in the event-triggering case (to be discussed in

the latter section), the output error bound is required instead of the
whole error vector and our present construction helps in realizing the
same. Hence, we rely on the structure (5) and discuss its convergence
analysis in detail.

Remark 3: The observer (5) consists of a linear part (5a) and a
discontinuous subdynamics (5b). Due to this, the accuracy of the
estimation process in real-time implementation is better than its
existing counterparts. This is mainly because of the linear dynamics
in the observer that achieve an asymptotic accuracy. Moreover, since
event-triggering also involves discrete implementation, the proposed
strategy has the same advantage over other classical sliding mode
observers.

It can be noticed that Lemma 1 ensures the existence of the gain
Ly such that the eigenvalues of A; := Aj; — L1Cq; are stable.
Then, under this assumption, we get a positive definite matrix P} =
P e R(=m)*(n=m) 4 a solution to the Lyapunov equation

AP+ PiA = - (6)

for any Q1 = Q{ > 0. With this, define the sets Qj(c1) =
{z1 € R"™™ : lePlzl < c1} and Qa(c2) = {22 € R™
lz2]] < c2} for any ¢; > 0 and ¢z > 0. Also, denote Q(cy,c2) =
{Z cR": 21 € Ql(Cl) and zo € QQ(CQ)}.

Define z21 = z1 — 21 and Zy = z9 — Z9 as the estimation
errors. Then, using (3) and (5), the estimation error dynamics can
be expressed as

(7a)
(7b)

Z = Avlfl
22 = Aglil — Ksign(22) +d.

Now, the following result is immediate.

Theorem 1: Consider the system (3) and the observer (5). Let c1 >
0 and ca > 0 be any scalars. Assume that the (A11,C11) pair is
observable and z(0),2(0) € Q(c1,c2). Then, there exists a gain
K > 0 such that the estimation error Z(t) := z(t) — 2(t) is bounded
for all ¢ > 0, and 2(¢t) — 0 as t — +oo.

Note that the claims of Theorem 1 can also be shown globally
under the same observability assumption. This is stated in the
following corollary.

Corollary 2: Consider the system (3) and the observer (5). Assume
that the (ZU, 511) pair is observable. Then, there exists K > 0 such
that the estimation error Z(t) := z(t) — 2(¢) is bounded for all ¢ > 0,
and Z(t) — 0 as t — +oo globally.

IV. EVENT-TRIGGERED SLIDING MODE OBSERVER

In this section, the main result of this paper is discussed. The event-
triggered sliding mode observer is proposed to estimate the states
of the system practically. As mentioned in §II, we discuss both the
actuator and sensor side implementation cases in detail.

A. Actuator Side Implementation

Here, the event-triggering mechanism detects a sampling instant

; y
to send the sensor output to the controller side. Let {t} } kEZ50 be
time instants for transmitting the output measurements. The sampled
output y(t%) is used in the observer, and it is updated again as soon
as a new measurement arrives. We propose the following event-based

transmission protocol at the sensor end:
tZ+1 = inf {t > t% ey ()] = aaaa}, keZyy (8)

with t§ = 0, where

ey(t) =
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aq > 0 is the triggering (threshold) parameter, and o, > 0 is the
attenuation factor.

With this setup, the event-based sliding mode observer is proposed
as

Z1(t) = A1121(t) + Araza(t) + L1Cr1 (21(8)) — 21(2))
+ A1z (22(t]) — 22(t))

Zo(t) = Ag121(t) + Aoaza(t)) + Ksign (22(t)) — 22(1))
+ u(t)

(C)]

for all ¢ € [t],¢] ) and k € Z5(. Note that the above observer
has a similar structure to that of (5) except for the discrete output
measurements. Due to this, the sampling errors are induced in
the observer dynamics, which affects its steady-state accuracy. Let
e1(t) = z1(t]) —z1(t) and ez (t) = 2z2(t}) —22(t) for t € [t} ] )
be the sampling errors. Then, the observer dynamics (9) can be
written as

21(t) = A1181(t) + Ajaa(t) + L1C1131(t) + A1252(t)
+ L1Crie1(t) 4+ Ajea(t)

Zo(t) = Ag121(t) + Agaza(t) + Ksign (32(1) + ea(t))
+ u(t) + Agzes(t).

10)

Using (3) and (10), the dynamics of the estimation error can be
obtained as

Z1(t) = A1Z1(t) — Liey(t)

Zo(t) = A1 21 (t) — Anes(t) — Ksign (%2(t) + ea(t))
+d(t)

(11a)

(11b)

where L1 = [ L1 Ajs |. The dynamics (11) will be useful in
analyzing the convergence of estimated states.

Theorem 2: Consider the plant (3) and the observer (10) with
the event-triggering mechanism _(8). Let e > 0 be any
scalar. Suppose that the (A11,C11) pair is observable. Choose
c1 > A2 (P1)e2/(16Amax(P1)) and ¢z > £q/4. Assume that
z(0), 2(0) € Q(c1,c2), and z(¢) is bounded for all ¢ > 0. Moreover,
the triggering parameter satisfies the following inequality

. Ea )\min(Pl) )\min(Ql) €a
. fa S .2
om0 =)

Then, there exist K > 0, 74 > 0, and Ty > 0 such that

o the estimation error Z(t) := z(t) — £(t) is bounded for all ¢ > 0,
and moreover it holds that

12@)] < €a, Vit =T,

ot} —t] >7aforall k€ Zx.
The following remarks are now in order.

Remark 4: The assumption that the plant state, z(¢), is bounded
for all ¢ > 0 can always be fulfilled by an appropriate controller. The
controller can be designed to constrain the state trajectory within
some specified domain. For instance, the saturating control signal
for a small time interval is a common practice followed to bound
the estimation error within the desired bound, e.g., see [14]. A
similar approach may also be extended to our case to fulfill these
requirements.

Remark 5: The practical estimation is mainly achieved in our case
by the triggering parameter. Due to the discrete feedback policy, the
(output) sampling error enters the plant, which eventually affects the
steady-state bound. Therefore, one must choose the triggering param-
eter appropriately to obtain an acceptable error bound. However, the
smaller threshold parameter may induce a high transmission rate. This

can be avoided by varying the triggering parameter online, which is
quite difficult in the existing techniques.

Remark 6: The gain K in the observer (9) depends on the ad-
ditional parameters apart from those in the analog design. Here,
the (additional) triggering parameter plays a crucial role in the
estimation accuracy. The gain K must be chosen sufficiently large
to guarantee the faster convergence of estimation error and to obtain
the desired steady-state bound set by the event mechanism (8). The
same observations were also found in the stabilization case ( [8]).

B. Sensor Side Implementation

The observer and triggering mechanisms are placed on the sensor
side as demonstrated in Fig. 1(b). Unlike the previous case, the
event mechanism uses the observer states for event detection and
subsequently transmits the estimated states. Moreover, since the plant
outputs can be accessed directly, the observer uses continuous output
measurements to estimate the plant state.

Let {t7 }scz,, be the time sequence for transmitting the estimated
values to the actuator side. The sampled value Z(¢}) can be directly
used in the controller for stabilizing the plant. The sliding mode
observer is proposed as follows

7i’1 (t) = leél(t) + glzég(t) + Lléllfl (t) + g1222(t)
Zo(t) = Ap1£1(t) + Agaza(t) + u(tf) + Ksign (32(1)) .

The control signal may be transmitted from the actuator to the
sensor side at the triggering instant. However, one may avoid this by
computing the control law directly using the reconstructed states. In
this scenario, the observer (13) can be thought of as the same structure
as its analog counterpart (5). This is one of the main advantages of
the sensor side implementation of the observer-based controller. Now,
the event-triggering mechanism can be designed for this case as

(13)

tipr =inf {t > 7 : ||2(t7) — 2(t)|| > osas}, L€ Zso (14)

with té = 0, where o5 > 0 and as > 0 are the design parameters.
These constants are chosen as per the design requirement, like in the
triggering mechanism (8).

Theorem 3: Consider the plant (3) and the observer (13). Let ¢ >
0 and co > 0 be any scalars, and as > 0 be some given constant.
Suppose that the pair (A11,C11) is observable. Moreover, assume
that z(0), 2(0) € Q(c1, c2) and z(t) is bounded for all ¢ > 0. Then,
there exist K > 0 and 75 > 0 such that

o the trajectory Z(t) is bounded for all ¢ >
Z(t) —» 0 as t — +o0,

. tZJrl — t? > 7¢ forall ¢ € Z>O~

Remark 7: As it is seen that the triggering parameter has no role
in the estimation accuracy, the selection of this parameter does not
depend on the observer dynamics, albeit it is an integral part of it.
However, this can affect the stability of the plant dynamics through
the output feedback controller. It may be observed that the triggering
mechanism resembles that of the state feedback scenario, where the
transmitted values are directly used in the controller. Hence, a suitable
value of the triggering threshold can be chosen by considering the
output feedback stabilization problem.

Since Theorem 3 guarantees the asymptotic convergence of esti-
mation error, the estimation of state in the practical sense follows
immediately. In this implementation, only sampled values of the
estimated states are transmitted over the network on the occurrence
of an event, and the control signal is computed using these updated
values. The complete analysis with the sampling strategy (14) for the
closed-loop system can be shown by considering the output feedback
stabilization problem. However, this is skipped in our paper to limit
the discussion only to the state estimation problem.

0, and moreover
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V. PROOFS
A. Proof of Lemma 1

By noticing the fact that rank(égg) = m, it can be observed for
any A € C that

rank ( A _~A[" >
C
Ay —Mp-m Ao
— rank A2y Agz — Mm,
Cul Ci2
0 Ca2
= rank A 7~)Jn7m +m
C11
=n

where the last two steps follow directly from the observability of the
pair (A11,C11). Thus, the Popov-Belevitch-Hautus (PBH) test for
observability implies the result at once. |

B. Proof of Corollary 1

The condition (4) implies that /121 = 0 because CoAV; = 0.
Thus, following the arguments in the proof of Lemma 1, one can
conclude that the observability of (A11,C11) is a necessary and
sufficient condition. |

C. Proof of Theorem 1

To analyze the convergence of the observer states to the true state,
we consider the error dynamics (7). The decoupled structure of (7)
enables us to analyze their convergence property separately. Taking
the Lyapunov function V7 (Z1) = 2;P121, one can show using (6)
and (7a) that

Vi(Z1) =2 (A PL+PlA)ZG = -3 Q171 <0. (15

Since 21(0) and 21(0) belong to Qi(cy), the above inequal-
ity guarantees that the trajectory Z1(t) never leaves the set
Q1 (4¢3 Amax(P1)/Amin(P1)) and also it converges to zero asymp-
totically. Hence, using this fact and Assumption 1, choose a finite
gain K such that

K > | As1|l[|Z21(t)]| +do, VYt = 0. (16)

By defining the Lyapunov function Va(Z2) = (1/2)%5 Zo, time
derivative of V2 (Z2) along the trajectories of (7b) shows that

. T
Va(22) = %3 %2
T - - T
=Zy Az — K||Z2|1 + 22 d

< A2 1211122l — K || Z2]| + dollZ2 ]l (17)

where we used ||22]| < ||22||1 and Assumption 1. Now, using (16),
one can write the above inequality as

Va(Z2) < —nl 2|

where 7 > 0 is some scalar. Then, it follows immediately that
Za(t) € {Z2 € R™ : ||Z2|| < 2c2} for all t > 0 and Va(22(t)) =
0 for all ¢ > 2cy/n. In other words, z2(t) = 22(¢) for all
t > 2co/n. This behavior of the observer (7) is often referred
to as the sliding motion because the discontinuous injection term
enforces Zo = 0 in finite time. Finally, it can be claimed that
Z(t) € Q4e1dmax(P1)/Amin(P1),2¢2) for all ¢ > 0, and 2(t)
converges to the true state z(t) asymptotically despite the presence
of disturbance. |

D. Proof of Corollary 2

This proof follows that of Theorem 1. The inequality (15) implies
that for any 21(0) € R" ™™, the trajectory Z1(t) — 0 as t — 4-oc0.
Then, for any § > 0, there exists a 77 > 0 such that || Aa1 ||||Z1 (¢) || <
6 forall t > T7. Let K > § 4 do + n for any scalar n > 0. Clearly,
it implies the inequality (16) for all ¢ > T7. Applying the similar
arguments for the subsystem (7b), we conclude that Va(Z2(t)) <
—n||Z2(t)|| for all ¢ > Ty. So, for any 22(0) € R™, one achieves
Zo(t) = 0 for all t > Ty = T1 + (||22(T1)]||/n). Therefore, the
global asymptotic convergence of estimation error is guaranteed. W

E. Proof of Theorem 2

At first, we write the system (3) in the compact form to simplify
the analysis:

i=Az+ B(u+d) (18)

where A and B are the compact representation of respective matrices
in (3) and z = col(zy, 22) is the combined state vector.

As the event generation only depends on the plant output, we can
show the existence of a uniform positive lower bound for inter-event
time irrespective of the observer dynamics. For any integer k > 0, let
o ={te [tz,tz_i_l) : |ley(t)]] = 0}. Then, for all ¢ € [tZ»tZH) \
I, one obtains

d d d

— )| < [|=ey(t)]| = ||Co—2(t

el < | euo)] = [coge=to]
where Cy = diag{éu7 Im}. Since the plant state is bounded
(by our assumption), the control input can also be bounded under
the feedback law. Then, under Assumption 1, the above inequality
reduces to

d
Silleu(®)l < B

for some constant 85 > 0. On solving this with ey(t}) = 0, one
gets [ley(t)|| < Ba(t —t}) for ¢} < ¢ < t],,. Using the event
condition (8), this can be written as ¢ | —t} > Ta = [0ata/fal.
Further, this implies that ¢ 1 t} > 74 for all k € Z>, and hence
we guarantee the absence of the Zeno phenomenon in the triggering
mechanism.

Let us now analyze the convergence of estimation error. Taking
time derivative of Vi (z1) = 2; P %1 along the solution of (11a), we
see that

. -~ T ~ ~T o
Vi(21) =721 PiZ1+ 2 P1zy
I T 7
=—21 @171 — 221 PiL1ey
~ 2 ~ s
< = Amin (QUIZLII” + 2|21 |1 PLLa [ |ley I-

First, we see from the triggering mechanism (8) that ||ey (¢)]| < aq
for all ¢ > 0. Then, the second term of the above inequality can be
reduced using Young’s inequality ( [23]) to

. = Amin(@1) - 2 o IPLL1® 2
2 P L L A 2————ay.
IZLlIPLLallley || < =5 lIZ1]1" + o (@)
Applying this inequality, we can obtain
. Amin(Q1) 1= p2 o IPALA]® 2
Vi(z1) < =B =207 17 + 2+——~ag,
1( 1) 2 H 1” Amin(Ql) “
which further implies that
o Amin(@Q1) 1, = .
Vi(3) < =22l V(2 VVi(z1) >0 19
1(%1) Donax (P1) 1(%1) 1(%1) (19)
where 6 = 804,21)\max(P1)HPlzlHz/)\?mn(Ql). Observe from (12)

and ¢1 > A2 (P1)e2 /(16 Amax(P1)) that Q3 (Apin(P1)e2/4) C

min



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. XX, NO. XX, XXXX 2023

Q1 (4e1 Amax(P1)/Amin (P1)). Thus, the inequality (19) implies that
Z1(t) € Q1(4e1 Amax(P1)/Amin(P1)) for all ¢ > 0, and moreover
there exists a finite time T, > 0 such that the trajectory Z; (¢) enters
the set Q21 (Amin (P1)e2/4) in a time no longer than Ty, and remains
there for all future time. Now, since Amin (P1)||Z1 |2 < Vi(%1), one
can achieve that [|Z1(¢)|] < eq/2 for all t > T, .

Let us analyze the convergence of trajectories of (11b). For the
Lyapunov function Va(Z) = (1/2)Z, Zo, it can be shown that

Va(32) = 79 Ag131 — 39 Agses — K79 sign (32 + e2) + %o d
< Az llllz ) 1220 + [l A2zl 221l flez
— K7 sign (32 + e2) + dol| 7|
< |21 1z ] 1Z2ll + cvall A2 |22l — K 23 sign (22 + e2)
+ dol| 22|

where we used ||e2|| < aa, which follows directly from (8) and the
inequality ||e2|| < ||ey||. Further, note that (12) implies ||ez|| < £q/2
To proceed further, we analyze the behavior of each component of
Z9.

By denoting Zp = [ Z21 %22 Zom |1, let A = {i €
{1,2,...,m} : |Z9;] < ea/(2y/m)}, ie., the set of indices of
components of Zo that lie within their respective sets {Zg; : |Z2;| <
€a/(24/m)}. Also, denote A = {1,2,...,m} \ A. Then, we denote
by Zap (Z57) the vector consisting of components of Z2 whose indices
belong to the set A (A). With this, consider the case A = (). Here,
none of the components of Zy crosses the set {Z2; : Z2; = 0}. Thus,
one achieves that sign(Z2 + e2) = sign(Z2) and this leads to

Va(22) < [ Az1llllZ1]l 1221l + cwall A2z l[1Z2]] — K || 22| + doll 22]-

Since Z1(t) is bounded for all ¢ > 0, we can select a switching
gain satisfying

K > [[Aa1[[|121 ()] + aall A2 || + do +n (20)
for all £ > 0 and any n > 0, and eventually obtain that
Va(Z2) < —nlZ2]- @

Using the fact that ca > £4/4, one may note Q2(£q4/2) C
Q2(2c¢2). Therefore, the inequality (21) guarantees that the trajectory
Zo starting from Q2(2c2) enters the set Q9(e4/2) in a finite time.
Now, for the case A # (), one can write

Zyx = Ao 71 — Asaen — Ksign (2,5 + eyx) +dy

where XQIK and KQQK are the matrices 1121 and AVQQ, respectively,
corresponding to the row indices in A. Again, since none of the
components of Z,i cross the set {Z,; : Zyx = 0}, we have
sign (52K + er) = sign (22K). Then, applying these facts together
with (20), one can show that

Va(Zyx) < || Arg|[ 1211 [1Z55]] + o || Aza || 125511 - & |25l

+ doll 2%
< —n|l2x] - 22)

This shows that the trajectory Z,; converges towards the set {22K :
IZ5xl < €a/2} in a finite time. Moreover, if a component of Zo
enters the set {Z; : |Z2;| < €a/(24/m)}, it cannot leave this set due
to (22). Thus, from the inequalities (21) and (22), it can be concluded
that the trajectory Zy enters the set Q2(cq/2) in a finite time, say
Tas > 0 and remains there for all future time. Therefore, Z(t)
remains bounded within the set Q(4¢1 Amax (P1)/Amin (P1), 2¢2) for

all t > 0 and moreover 2(t) € QAmin(P1)e2/4,e4/2) for all
t > Tq == max{Ta,, Ta, }. Finally, we obtain

€a
5 =€
for all ¢ > T,. This completes the proof. |

a

ZON < 1z @) + 12200 < %a T

F. Proof of Theorem 3

Let 7 > 0 be the maximum time such that the trajectory £(t) is
bounded on the interval [0,7]. One may write the error dynamics
using (3) and (13) as

Z = ;4121
2:2 = 12{2121 — Ksign(za) +d

which is the same as (7). Following the arguments of Theorem 1,
we can claim that the error trajectory Z(t) is also bounded on the
interval [0, 7]. Since both the estimated states and error trajectories
are bounded on the interval [0, 7], there exists a constant S5 > 0 such
that (d/dt)||2(t)|| < Bs forall t € [0,7]. Let T's = {t € [t7,t}, 1) :
llez(t)|| = 0}, where e (¢t) = 2(t7) — 2(t). Then, for any integer
£ > 0 such that ([t7,t7,1) \ T's) C [0, 7], solving the differential
inequality
Lle=@] < 5,

with ||lex(¢7)]| = O yields that |le.(¢)|| < Bs(¢t —t}) for all t €
[t7,t7,1). Using (14), one gets t7, | —tj > 7s := [0ss/Bs], which
confirms no Zeno phenomenon on the interval [0, 7]. Now, since the
plant state is bounded (by our assumption) and error trajectory has
asymptotic convergence property, one can conclude from [|2(t)| <
lz(&)|l + ||Z(¢)|| for each ¢ > O that the estimated trajectory is also
bounded for all time. Thus, 7 = 400, i.e., £(t) is bounded for all
t > 0, and the above arguments hold for all time. This completes the
proof. |

VI. SIMULATION RESULTS

A linearized model of the inverted pendulum ([25]) is considered
here to demonstrate the proposed approach. The plant is given by

0 0 1 0 0
a_|0 o 0 1 s_| o0
| 0 -1.9333 -—1.9872 0.0091 ’ | 0.3205
0 369771 6.2589  —0.1738 —1.0095
and C' = [ I3 0 ]. The state vector z = [ zp 0 dp 6]

represents componentwise the cart position, the angular position of
the pendulum from the vertical axis, and their velocities, respectively.
Now, applying the following transformations sequentially on the
above plant

0 1.0 0 100 0

1 0 0 0 010 0
V=19 001 |™MU=1¢ 0 1 31407 |

0 0 1 0 0 0 0 31201

one obtains the system dynamics in the new coordinate z = UVx
with

0 0 1
Avu: 0 0 0 and511:|:(1) _01 g:|
30.8878 0 —0.1451
We verify that (ZH, 511) pair is observable. Then, we obtain the
0 2.0349
linear observer gain L1 = | —1.79 0 which places the
0 31.7694
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Fig. 2. Actuator side implementation of the event-triggered observer.

eigenvalues of El at —1.2, —0.98 and —1.79. On solving (6) with

0.4285 0 —0.3719
Q1 = I3, one gets P, = 0 0.2793 0 . The
—0.3719 0 1.1882

disturbance signal is d(t) = 0.2sint in our simulation study.

Actuator Side Implementation: We choose €, = 5.0469 to meet
our design criteria. Then, we fix ¢; = 0.0967 and co = 2 so
that the design constraints, i.e., ¢c; > 0.0910 and cp > 1.2617,
are met. The triggering parameter is taken as aq = 0.0099 sat-
isfying (12). Also, o4 = 0.98. It can be verified that z(0) =
[ 007 —0.15 0.25 0.7 ] and 2(00) = [0 0 0 0]"
belong to the set (c1,c2). The observer switching gain K that
satisfies (20) is found to be 16. Now, the simulation is run for 20
seconds, and then, the corresponding results are presented in Fig. 2.
Here, we see that the estimation errors are bounded within finite time
as given in Theorem 2 (see Fig. 2(a)). The numerical chattering in the
estimation error is observed due to the large observer switching gain.
It is also possible to reduce the switching gain without violating the
stability requirement that can achieve better steady-state accuracy.
The effect of large switching gain is observed in the inter-event
time as depicted in Fig. 2(b). With larger switching gain, the inter-
event times are decreased, although a uniform positive lower bound is
guaranteed. Therefore, no Zeno behavior is exhibited in the triggering
sequence. During the inter-event time period, the communication
channel is left free, and it can be utilized for accomplishing other
parallel tasks. It should be noted that the estimation error bound can
be reduced by modifying the triggering threshold, but it may increase
computational and communication burdens. So, a trade-off value of
the triggering parameter can be chosen depending on the requirement.
Moreover, one can tune it online without affecting the stability of the
closed-loop system.

Sensor Side Implementation: In this case, we consider the same
initial conditions for 2(0) and z(0). Thus, z(0), 2(0) € Q(c1, c2).
Also, the switching gain K and the triggering parameters are kept
unchanged. Then, we run the simulation for the same duration, and
the results are shown in Fig. 3. From Fig. 3(a), we observe that
the estimation error converges to zero asymptotically with some

0.7 —
15 x10
5 \
2 035 0 1
S 15
=] g
g 0 v 19.9 20
-
< 035 ]
= ‘ Z Zy Z3 2y
-0.7 . . .
0 5 10 15 20
Time (sec)
(a) Error trajectories with time.
1072

Inter-event time

0 5 10 15 20
Time (sec)

(b) Inter-event time versus time.

Fig. 3. Sensor side implementation of the event-triggered observer.

numerical chattering. Like in the actuator side implementation, this
is attributed to the very large switching gain used in the observer.
However, in the real-time scenario, the gain can be varied in a manner
that stability is guaranteed and a desired accuracy is met. In Fig.
3(b), it is seen that the sampling periods are non-zero, implying no
accumulation of triggering instants. It may be highlighted that a larger
lower bound can be obtained by decreasing the switching gain.

VII. CONCLUSION

We proposed an event-based sliding mode observer for estimat-
ing the states practically, i.e., with any arbitrary accuracy. It was
possible by the proper tuning of event parameters, possibly online.
We discussed the implementation of the observer in two different
architectures. In the first one, we proved that the states are estimated
practically irrespective of external disturbances. However, in sensor-
side implementation, the estimation error converges to zero as the
outputs are continuously fed to the observer. The proposed sliding
mode observer can be useful for various applications, e.g., fault
detection and isolation, output feedback stabilization, detection of
cyber-attacks, etc.
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